4 Suppose that ⍀ s 1, 2, . . . , ab for some non-negative integers a and b. Denote Ž . by P a, b the set of unordered partitions of ⍀ into a parts of cardinality b. In this Ž . paper we study the decomposition of the permutation module C P a, b where C is Ž . the field of complex numbers. In particular, we show that C P 3, b is isomorphic to Ž . a submodule of C P b, 3 for b G 3. This settles the next unproven case of a conjecture of Foulkes. ᮊ
Ž . In this paper we study the decomposition of C P a, b where C denotes Ž . Ž . Ž . the field of complex numbers and a, b s 3, k or k, 3 for arbitrary k.
Ž . w x The decomposition of C P 3, k is already given in 16 . In Section 4 we give a new proof of this result which allows us to prove the main theorem of this paper:
Ž . THEOREM. If 3 F k then C P 3, k is isomorphic to a submodule of Ž . C P k, 3 .
w x
This settles a special case of a conjecture of Foulkes 6 which says that Ž . Ž . C P a, b is isomorphic to a submodule of C P b, a for any a F b. The w x literature on this question includes 1, 2, 4, 6, 7, 9, 10, 11, 12, 13, 16 . The w x results in Thrall's 1942 paper 16 give the decompositions of the permuta-Ž . Ž . tion representations C P 2, b and C P b, 2 ; from these one can verify w x Foulkes' conjecture for a s 2 and b arbitrary. In 1944 Littlewood 
NOTATION AND GENERAL RESULTS
We adopt the basic notation about the representation theory of the w x symmetric groups introduced by James in 8 . We briefly recap some of the definitions and introduce a join operation for tableaux. Ž . If s , , . . . , is a partition of n and if t is a -tableau then 1 2 Ž . the row-stabilizer of the tableau t is the subgroup R of Sym n which fixes t all rows of t set-wise. Similarly, the column-stabilizer is the subgroup C of t
Ž .
Sym n which fixes all columns of t set-wise. The signed column sum is t Ž . the element of C Sym n obtained by summing the elements of the column stabilizer of t with signs attached. To each -tableau t we associate the Ä 4 Ä 4 polytabloid e [ t where t is the tabloid obtained from t. The module t t spanned by this polytabloid is known as the Specht module for and is denoted by S . It is a well known fact that S is irreducible and that all Ž .
irreducible C Sym n -modules arise in this fashion. We will denote by M Ž . and C Sym n -module generated by -tabloids.
We will also need the concept of a tableau with repeated entries. To distinguish these from tableaux with distinct entries we use capital letters Ž U U U .
U and say that a -tableau T has type * s , , . . . , if i occurs
, . . . , l . Denote by T T , * the set of -tableaux Ž . Ž . of type *. We can define an action of Sym n on T T , * in the Ž . following way. We label the place numbers of T g T T , * according to the positions of the numbers 1, 2, . . . , n in t. That is, for i s 1, . . . , n let Ž . T i be the entry in T which occurs in the same position as i occurs in t.
Ž . Ž . Ž y1 . Then for g g Sym n we have Tg i s T ig . We will say that T and T Ј are row equi¨alent if T Ј s Tg for some permutation g in the row stabilizer of the given tableau t. w x We use the standard diagrams for tableaux as in 8 and distinguish the associated tabloids by drawing lines between rows. Given a -tableau t and a -tableau T of type *, we can construct a *-tabloid by putting the ij-entry of t into the row of the tabloid given by the ij-entry of T. It is easy to see that given a -tableau t there is a one-to-one correspondence between -tableaux T of type * and *-tabloids. Therefore we will not distinguish between the module M * and the isomorphic module of -tableaux of type *.
and extend linearly to the whole of M . We will express elements in the image of this homomorphism in terms of tableaux of type *. We denote morphisms. We need the following standard results.Ä
COROLLARY 2.2. If F is a field of characteristic zero then the dimension of
type *.
The proof of our main result is based on the fact that the multiplicity of
sufficient to show for k G 3 that the number of linearly independent Ž . homomorphisms from S to C P k, 3 is greater than or equal to the Ž . multiplicity of S in C P 3, k . We will therefore construct a suitably sized Ž . Ž . set of non-zero homomorphisms ⌰ from S to C P 3, k and C P k, 3 ,
Ž . respectively, with the property that ⌰ e involves an element which is Essential will be the following join operation for tableaux. 
Semistandard homomorphisms give rise to CG-homomorphisms from Ž . S to a module isomorphic to C P a, b , in the following way. Ä 4 ⌰ t can be written in the form Tg g with g g R and g g C .
Given a partition of ab we can test whether S appears in C P a, b .
non-zero for some T. So, in fact, it is sufficient to show that ⌰ e is T t non-zero for some T.
The following example and lemma illustrate these definitions. 
Ž
. We remark that the modules in the decomposition of C P 2, k come straight from Lemma 3.3 and it can be checked by calculating dimensions that these are all the modules in its decomposition.
. In this section we give the decomposition of C P 3, k for k arbitrary.
w x This decomposition is less straightforward and was done by Thrall 16 in 1942 . We will outline a somewhat more modern proof of it.
Ž . THEOREM 4.1. The irreducible constituents of C P 3, k are:
Ž3 ky4 uys, 2 uqs, 2 u. morphisms from S to C P 3, k . To show that the multiplicity of S in Ž . < < C P 3, k is at least m we require I G m . We choose the following For linear independence, we show that for a fixed tableau t there is a Ž . Ž . Ž .
3, k -partition involved in ⌰ e which is not involved in ⌰ e for i g I T t T t w i
with i -w. This then implies that each S has multiplicity at least m .
Ž . Ž . Part 2. Determine the permutation rank of Sym 3k on P 3, k . This involves counting 3 = 3 integer matrices with constant row and column sum k, up to a certain equivalence. This can be done using Chapter 1 of w x 15 and it turns out that this permutation rank is 
MODULES IN THE DECOMPOSITION OF C P k, 3
Ž . Ž . We aim to show that all modules of C P 3, k appear in C P k, 3 with no lesser multiplicity. We begin by describing a general method for construct-Ž k . ing -tableaux of type 3 from smaller tableaux and explain how we can use these to obtain linearly independent homomorphisms from S to Ž . C P k, 3 . This method will be the basis of the proof of our main theorem.
Consider Note that any three identical digits of the P i are arranged in one of the following ways.
1. They appear together in a single row. 2. Two of the them appear together in the second or the third row with the remaining digit in the top row.
3. Two of them appear together in the second row with the remaining digit in the third row.
We will use these properties to show that certain homomorphisms are non-zero and linearly independent.
Ž .
Step 1 construction of -tableaux . We construct two sets of -tableaux Ž k . Ž . k of type 3 and a -tableau of type 1 as follows. The first of these, of Ž k . type 3 , will be of the form
where a T* i is the join of T * i with itself a times in the normal sense.
i i
Here T * i is a tableau with the same pattern as P i with the property that the labeling set for the first tableau in the k-expression is 1, 2, . . . and so that the remaining tableaux are labeled by consecutive numbers. Let t be Ž k . the -tableau, of type 1 , given by
where t i has the same shape as T * i . Without loss of generality we will always label the first tableau in the expression with consecutive numbers 1, 2, . . . and in turn label each of the remaining tableaux increasingly. With each T * we associate a tableau T formed by permuting the digits in its rows until the numbers increase along rows. By construction the digits will automatically be strictly increasing down the columns, so this tableau will be semistandard.
. Step 2 ⌰ t is non-zero . We use the tableaux constructed in Step such that PЈ i has the same pattern as P i and such that for i / j the labelling set for PЈ i is disjoint from that of PЈ j . Thus tableaux involved in Ä 4 ⌰ t with the same pattern as T * can be written in the form
where g g C i , the tableau E 10 a T Ј i is row equivalent to T and T Ј i g
has the same pattern as P i . Since any three identical digits can only appear in the third rows of P 1 and P 2 , they can appear only in the third rows of T Ј 1 and T Ј 2 . Therefore T Ј 3 , T Ј
5
, and T Ј 6 must have pairs of digits in their third rows. Similarly, the second rows of T Ј 1 , T Ј 6 , T Ј 7 , and T Ј 8 must contain three identical digits, leaving pairs of digits in the second rows of
, and T Ј 9 . By case by case analysis it can be checked that T Ј i must have the same pattern as a tableau row equivalent to T * i .
Ä 4
Hence the coefficient of T * in ⌰ t is given by the product of the 
T t
These coefficients can be seen to be 48, 24, 6, 6, 8, 4, 8, 2, 2, and 1, respectively. Since these coefficients are all non-zero the proof is complete.
Remark. As a direct consequence of the lemma, we have that S Ž6, 6, 6.
Ž .
Ž8, 5, 2.
Ž . appears in C P 6, 3 ; the module S appears in C P 5, 3 ; the modules Ž . and S appear in C P 3, 3 ; the module S appears in C P 2, 3 ; and Ž3.
Ž . the module S appears in C P 1, 3 . 
Ž
. From Theorem 4.1 we see that if S appears in FP 3, k then has one of two shapes:
with u and s non-negative integers satisfying 3k G 6 u q 2 s. Here S has multiplicity m :
Shape 2.
)) иии )) )))) ) иии ) ) иии ) )) иии )) )))) ) иии ) ,`_ )) иии )) ) ŝ`_ 2u with u and s non-negative integers satisfying 3k G 6 u q 2 s q 9. Here S has multiplicity m . Proof. The idea is to carry out the three steps described at the beginning of this section.
Step 
. This is the number of linearly independent homomorphisms Ž3Ž ky2 uy3.ysq2 uq4, sq2 uq4, 2 uq1.
. from S to C P k, 3 .
The main theorem therefore follows from Theorems 4.1, 5.2, and 5.3.
